In this paper, we present the concept of the one-way unlocalizable quantum discord and investigate its properties. We provide a polygamy inequality for it in tripartite pure quantum system of arbitrary dimension. Several tradeoff relations between the one-way unlocalizable quantum discord and other correlations are given. If the von Neumann measurement is on a part of the system, we give two expressions of the one-way unlocalizable quantum discord in terms of partial distillable entanglement and quantum disturbance. Finally, we also provide a lower bound for bipartite shareability of quantum correlation beyond entanglement in a tripartite system.
I. INTRODUCTION
Entanglement plays a key role in quantum computation and quantum information, which is a kind of quantum correlation not available in classical world [1] . On the other hand, there exists some other quantum correlations different from entanglement, for example, quantum discord is also a quantum correlation not present in classical system [2, 3] . It is supposed that quantum discord might be responsible for the advantage of a quantum algorithm, the deterministic quantum computation with one qubit [4] , which surpasses any corresponding classical algorithms while with vanishing entanglement but non-zero quantum discord. It is also noticed that though different from entanglement, quantum discord is closely related with entanglement and may have interesting operational interpretations in quantum information processing [5] [6] [7] [8] [9] [10] [11] [12] , and also see the reviews [13, 14] .
We know that entanglement is an invaluable resource for quantum information processing, and thus it cannot be shared freely among multiparities. This property is described by monogamy inequality which is a one of the most fundamental properties of entanglement [1, 15] . That is, if two qubits A and B are maximally entangled they cannot be correlated at all with third qubit C. In general, there is tradeoff between the amount of entanglement between qubits A and B and the same qubit A and qubit C. This property is purely quantum: in classical world if A and B bits are perfectly correlated, then there is no constraints on correlations between bits A and C [1] . For three qubits the tradeoff is described by Coffman-Kundu-Wootters (CKW) monogamy inequality in terms of the concurrence [15] . The CKW inequality can be extended to n-qubits, it has been proven true only recently [16] . More discussions on monogamy of different quantum correlations measures can be found in [17] [18] [19] [20] [21] [22] .
Since quantum discord quantifies the quantum corre- * Electronic address: snnuxzj@gmail.com lation in a bipartite state [2, 3] and might also be a resource in quantum information processing, it is interesting to study whether it also respects monogamy relation. Recently, monogamy relation for quantum discord has already been studied in [23] [24] [25] [26] [27] . It is found that monogamy of quantum discord is due to the relationships between the entanglement of formation and the one-way classical correlation, see the inequality (38) . In general, this inequality (38) does not hold [28] . Thus, the monogamy of quantum discord is not universal for any tripartite pure state. As pointed out in [23] , polygamy relation for quantum discord can hold for some states.
For the case of entanglement, it is showed that distributed entanglement is by nature polygamy by establishing the concept of the one-way unlocalizable entanglement [29] , which is defined by entanglement of assistance [30, 31] . Since quantum discord is an important supplementary to entanglement, it motivates us to propose a similar concept for quantum discord. Thus we can systematically investigate the polygamy of distributed quantum correlations in terms of quantum discord in tripartite quantum system. Based on the duality between the one-way unlocalizable entanglement and the one-way classical correlation [3] , in this paper, we present the concept of the one-way unlocalizable quantum discord and provide an operational interpretation. We give the lower and upper bound for the one-way unlocalizable quantum discord. We also derive several tradeoff relations between the one-way unlocalizable quantum discord and other correlations, and provide a polygamy relation of distributed quantum correlations in terms of the one-way unlocalizable quantum discord. In case the von Neumann measurement is on a part of the system, we give two expressions of the one-way unlocalizable quantum discord in terms of partial distillable entanglement [5] and quantum disturbance [32] . Finally, we also provide a lower bound for bipartite shareability of quantum correlations (beyond entanglement) in a tripartite system. The paper is organized as follows. In Sec.II, we provide the definition of the one-way unlocalizable quantum discord and investigate its basic properties, and give a polygamy relation of distributed quantum correlations.
In Sec.III, we study the relations between the one-way unlocalizable quantum discord and entanglement. In Sec.IV, we discuss monogamy relation for quantum discord and we summarize our results in Sec. V.
II. ONE-WAY UNLOCALIZABLE QUANTUM DISCORD
A. Definition
We now consider a tripartite pure state |ψ ABC shared between three parties refereed to as Alice, Bob and Charlie. The entanglement supplier, Bob preforms a measurement on him share of the tripartite state which yields a know bipartite entangled state for Alice and Charlie. Tracing over Bob's system yields the bipartite mixed state
shared by Alice and Charlie [33, 34] . Bob's aim is to maximize entanglement for Alice and Charlie, and the maximum average entanglement he can create is the entanglement of assistance, which was originally defined in terms of entropy of entanglement. As a dual quantity to entanglement of formation [35, 36] , entanglement of assistance [30, 31] is defined by the maximum average entanglement of ρ
where the maximum is taken as over all possible pure state decompositions of ρ AC , satisfying
Here, S(ρ) := −Trρ log ρ is von Neumann entropy [37] .
Since E a (ρ AC ) measures the maximum average entanglement that can be localized on the subsystem AC with the assistance of B, and E a (ρ AC ) ≤ S(ρ A ), then the difference between two is the so-called the one-way unlocalizable entanglement of a bipartite state ρ AB , namely,
where ρ AB = Tr C (|ψ ABC ψ|) [29] . For tripartite pure state |ψ ABC , all possible pure state decomposition of ρ AC can be realized by rank-1 measurements of subsystem B, conversely, any rank-1 measurement can be induced from a pure state decomposition of ρ AC [29, 33, 34, 38] . Therefore, the right-hand side of Eq. (2) is the maximum average entropy overall possible rank-1 measurements {M B k } applied on the subsystem B. Then, Eq.(3) can be equivalently characterized by
where the minimum is taken over all possible rank-1 measurements {M
is the probability of the outcome k, and ρ
/p k is the state of system A when the outcome is k [29] .
At the same time, the one-way classical correlation [3] is defined as
The relation between the one-way unlocalizable entanglement and the one-way classical correlation is like the relation between the entanglement of assistance and the entanglement of formation. The quantum mutual information is a measure of the total amount of correlations in the bipartite quantum state, and it was divided into quantum correlation and classical correlation. Then, the one-way unlocalizable quantum discord of the state ρ AB under the measurement elements {M B k } is defined as the difference between the mutual information and the one-way unlocalizable entanglement, namely,
where
is mutual information [37] . This quantity is inspired by the definition of quantum discord [2] , in some sense dual to quantum discord, and it is defined as
B. Tradeoff relation
To understand the one-way unlocalizable quantum discord, we firstly give an operational interpretation. All bipartite and single-party states are obtained by taking the appropriate partial traces of tripartite pure state. Then, without loss of generally, we suppose that |ψ ABC is the purification of ρ AB . In this case, Eq.(3) can be rewritten as
where S(ρ A ) quantifies the entanglement of the pure state |ψ A(BC) with respect to the bipartite cut A − BC. This equality is called the Buscemi-Gour-Kim equality. Fig.1 graphically illustrates this separation, we follow this figure from [29] . In fact, the Buscemi-Gour-Kim equality (8a) is universal for any tripartite pure state, namely,
where X, Y, Z ∈ {A, B, C}. For the tripartite pure state |ψ ABC , using the Buscemi-Gour-Kim equality (8a), we have
is the von Neumann conditional entropy [37] . Since S(ρ C ) = S(ρ AB ), using Eq.(8b), we obtain the tradeoff relation between the oneway unlocalizable quantum discord for A and B and the one-way unlocalizable entanglement for C and B, namely,
Here, S(ρ B ) quantifies the entanglement of the pure state |ψ B(AC) with respect to the bipartite cut B − AC. This equation says that it is equal to the sum between the one-way unlocalizable quantum discord for A and B with measurements on B and the one-way unlocalizable entanglement for C and B with measurements on B. We graphically illustrate this separation in Fig.2 .
We now list some basic properties of the one-way unlocalizable quantum discord.
1. For any bipartite state ρ AB ,
In particular, for any pure state |ψ AB , we have
2. For all bipartite states ρ AB and ρ
3. For a three-qubit pure state |ψ ABC ,
Proof. 1. For any bipartite state ρ AB , form the result [29] , one obtain
Substituting this equation into Eq.(6), we obtain a lower bound
Since E ← u (ρ AB ) ≥ 0, from Eq. (10), we give the upper bound For pure state case, since every post-measurement state ρ A k is also pure state, then Eq.(12) can be directly verified.
where the inequality is due to the additivity of quantum mutual information [37] and the subadditivity of the oneway unlocalizable entanglement [29] . 3. Following the results [29] , for a three-qubit pure state |ψ ABC ,
It is actually equivalent to
Using the Koashi-Winter equality (35), we have
After some manipulation we obtain
C. Polygamy inequality
Since the Buscemi-Gour-Kim equality (8a) is universal for any tripartite pure state, one checks that
Combined Eq. (9), we obtain the conservation relation between the one-way unlocalizable quantum discord and the entanglement of assistance as follows
From the results in [29] , there exists a polygamous relation of entanglement of assistance, namely,
The one-way unlocalizable quantum discord is equal to the entanglement of assistance for the pure state |ψ ABC with respect to the bipartite cut A − BC, we then have
Substituting Eqs. (25) and (26) into Eq. (24), we get the polygamy of the one-way unlocalizable quantum discord
This inequality show that there exists a polygamy relation of quantum correlations in terms of the one-way unlocalizable quantum discord for a tripartite pure state of arbitrary dimension.
III. LINKING QUANTUM CORRELATION TO ENTANGLEMENT
First we introduce the measures of information gain and disturbance of a quantum measurement constructed in [32] . Form the result [42] , it states that whatever quantum measurement {M B x } can be modeled as an indirect measurement, in which the input system first interacts with an apparatus Q, initialized in a fixed pure state |0 Q , through a suitable unitary interaction I A ⊗ U BQ : H ABQ → H AB ′ Q ′ , and
Subsequently, a particular measurement M Q ′ , depending also on U BQ , is performed on the apparatus. In addition, by introducing a reference system R purifying the input state as |Ψ RAB , Tr R (|Ψ RAB Ψ|) = ρ AB . we are in the situation schematically represented as in Fig.3 . After the unitary interaction U BQ , the global state is
and the measurement on the apparatus can be chosen such that
where υ
are pure states such that
where |x X are the classical register states, M The conditional output pure states {υ
. This figure is reproduced from [32] .
We note that the one-way unlocalizable quantum discord is defined by considering rank-1 POVMs. The rank-1 POVMs can be replaced by a minimization over orthogonal projectors of rank-1 on an extended Hilbert space [41] . Here, the generalized measurement are actually restricted to complete von Neumann measurements.
Based on the result in [5] , we establishes a connection between the partial entanglement and the one-way unlocalizable quantum discord. The one-way unlocalizable quantum discord of a bipartite state ρ AB is equal to the maximal partial distillable entanglement in a von Neumann measurement on B,
where the maximum is taken over unitaries U which realize a von Neumann measurement on B. Here, E D is distillable entanglement [39, 40] . For arbitrary measurement of entanglement E, one denotes the partial entanglement
It quantifies the part of entanglement which is lost when the subsystem B is ignored [5] . Under the measurement M B on B, the quantum disturbance introduced δ(ρ B , M B ) and δ(ρ AB , M B ) are given, respectively,
is the coherent information and R is a purifying system for which |Ψ RAB is the purified state of density operator ρ AB . Here, ρ RAX and ρ RX are the states reduced from the post measurement state ρ RAB ′ X . After some manipulation one obtain the following form
Therefore, we obtain the second expressions for the oneway unlocalizable quantum discord based on quantum disturbance, namely,
At the same time, the information gain ι(ρ B , M B ) and ι(ρ AB , M B ) are given, respectively,
After some manipulation one obtain the following form
The second equality is due to the υ
is pure state for every x. The inequality come form the sub-additivity of the von Neumann entropy. Therefore, we give another lower bound for the one-way unlocalizable quantum discord based on information gain, namely,
with equality if and only if S(ρ
IV. MONOGAMY OF QUANTUM DISCORD
For the tripartite pure state |ψ ABC with ρ A = Tr BC (|ψ ABC ψ|), ρ AB = Tr C (|ψ ABC ψ|) and ρ AC = Tr B (|ψ ABC ψ|), the Koashi-Winter equality is given as [43] 
Here J ← (ρ AC ) is the one-way classical correlation between A and C, and the entanglement of formation E f is defined as
where the minimum is taken over all pure ensembles [35, 36] . For the tripartite pure state |ψ ABC , the monogamic distribution of entanglement of formation and quantum discord can be given as [44] 
Here, δ ← (ρ XY ) is the quantum discord of ρ XY . If the entanglement of formation would be smaller than the one-way classical correlation, namely,
Substituting this inequality into Eq. (35), there exists a monogamy relation of entanglement of entanglement for the tripartite pure states. Along with this way, combining Eq. (37), we give the monogamy of quantum discord as following
, and S(ρ A ) quantifies the entanglement of the pure state |ψ ABC with respect to the bipartite cut A − BC.
But the inequality (38) does not hold for some states [3, 28] . Thus, the monogamy of quantum discord is not universal for tripartite any pure state (see [5, [24] [25] [26] ).
Combined Eq.(8a)with Eq. (35), we obtain the conservation relation
It is easy to verify that the the one-way unlocalizable quantum discord is equal to quantum discord for the pure state |ψ ABC with respect to the bipartite cut A − BC. By the definitions of entanglement of formation and entanglement of assistance, we have
Using Eq. (37), we obtain an interesting inequality as follows
V. CONCLUSION
In this work, we propose the concept of the one-way unlocalizable quantum discord and provided an operational interpretation. We have investigated systematically some foundational properties of the one-way unlocalizable quantum discord, for example, the lower and the upper bound. By extending a bipartite system to a tripartite system, we have established several tradeoffs between the one-way unlocalizable quantum discord and other correlations. We have also provided a polygamy relation of distributed quantum correlations in terms of the one-way unlocalizable quantum discord in tripartite quantum systems, and have derived a lower bound for bipartite shareability of quantum correlations in a tripartite system. If the von Neumann measurement is on a part of the system, we have provided two expressions in terms of partial distillable entanglement and quantum disturbance for the one-way unlocalizable quantum discord.
As an important supplementary to quantum entanglement, quantum discord is proved to be also important and necessary in quantum information processing. With recent developments for quantum correlations beyond entanglement such as quantum discord both in experiment [45] and in theory [13] , it will be interesting to explore the new proposed one-way unlocalizable quantum discord further experimentally and theoretically.
